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Text. Let Lp(s,χ) denote a Leopoldt–Kubota p-adic L-function,
where p > 2 and χ is a nonprincipal even character of the ﬁrst
kind. The aim of this article is to study how the values assumed by
this function depend on the Iwasawa λ-invariant associated to χ .
Assuming that λ  p − 1, it turns out that Lp(s,χ) behaves, in
some sense, like a polynomial of degree λ. The results lead to
congruences of a new type for (generalized) Bernoulli numbers.
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1. Introduction
For an odd prime p, let Lp(s,χ) denote the Leopoldt–Kubota p-adic L-function attached to
a Dirichlet character χ . Assume that χ is nonprincipal and even, with conductor fχ not divisible
by p2. Denote by λχ the λ-invariant of the Iwasawa power series representing Lp(s,χ). The aim of
the present article is to study how the values assumed by Lp(s,χ) depend on λχ .
Denote by Ds the domain of deﬁnition of Lp(s,χ). An easy result is that Lp(s,χ) is injective on Ds
if λχ = 1. By contrast, if λχ = 2, some simple statements about mutually equal values of Lp(s,χ) hold
true, at least under an additional assumption on χ . Indeed, given any nonzero u ∈ Ds , algebraic over
the p-adic ﬁeld Qp , the equation
Lp(s0 + u,χ) − Lp(s0,χ) = 0 (1)
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728 T. Metsänkylä / Journal of Number Theory 130 (2010) 727–737is then satisﬁed for a unique s0, and given any algebraic s0 ∈ Ds for which the derivative of Lp(s,χ)
does not vanish, this equation is satisﬁed for a unique u = 0. For higher values of λχ , up to λχ = p−1,
there are similar results with the ﬁrst order difference in (1) replaced by corresponding higher order
differences.
The results are applied to ﬁnd some inﬁnite sequences of congruences for (generalized) Bernoulli
numbers. For the ordinary Bernoulli numbers Bm , these congruences are of the following form, where
tn → ∞ as n → ∞:
λχ−1∑
k=0
(
λχ − 1
k
)
(−1)λχ−1−k(1− ptn−1+k(p−1)) Btn+k(p−1)
tn + k(p − 1) ≡ 0
(
mod pn+λχ
)
.
2. Preliminaries
Fix an embedding of the ﬁeld of algebraic numbers into Ωp , an algebraic closure of Qp . As usual,
normalize the p-adic exponential valuation on Cp , the completion of Ωp , so that vp(p) = 1.
Let K ⊂ Ωp be a ﬁnite extension of Qp and let O denote the valuation ring of K . Consider
a nonzero power series F (T ) ∈OT . By the p-adic Weierstrass preparation theorem, F (T ) may be
uniquely decomposed as
F (T ) = πμU (T )P (T ),
where π is a ﬁxed prime element of O, μ = μ(F ) is a nonnegative integer, U (T ) is a unit in OT 
and P (T ) is a “distinguished” polynomial of degree λ 0 in O[T ], i.e.,
P (T ) = p0 + p1T + · · · + pλ−1T λ−1 + T λ
with vp(p j) > 0 for all j. This λ = λ(F ) is called the λ-invariant (or the Weierstrass degree) of F (T ).
The power series F (T ) deﬁnes an analytic function on the disc
DT =
{
T ∈ Cp
∣∣ vp(T ) > 0},
and it follows that this function has λ(F ) zeros (counting multiplicities). These are of course lying in
the disc
D0T = DT ∩ Ωp .
Write the conductor of χ in the form fχ = d or fχ = dp with d  1, d prime to p. Recall that
Lp(s,χ) is deﬁned and analytic on
Ds =
{
s ∈ Cp
∣∣∣ vp(s) > −1+ 1
p − 1
}
.
We have
Lp(s,χ) = f
(
(1+ dp)s − 1,χ),
where
f (T ,χ) =
∞∑
j=0
a j(χ)T
j
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the extension of Qp generated by the values of χ ; let us denote this ring by Oχ . Since this power
series has μ = 0, its λ-invariant is
λχ = min
{
j  0
∣∣ vp(a j(χ))= 0}.
This λ-invariant plays an important part in the arithmetic of the abelian ﬁelds whose p-adic zeta
function contains Lp(s,χ) as a factor.
Each zero s0 of Lp(s,χ) gives rise to a zero T0 = (1+dp)s0 −1 of f (T ,χ), and it is easily computed
that vp(T0) > 1p−1 . Conversely, each zero T0 of f (T ,χ) satisfying vp(T0) >
1
p−1 comes in this way
from a zero s0 = log(1+T0)log(1+dp) of Lp(s,χ). Thus, in particular, Lp(s,χ) has at most λχ zeros in Ds and
they lie in
D0s = Ds ∩ Ωp .
(For a more detailed discussion about relationships between the zeros of f (T ,χ) and Lp(s,χ), see,
e.g., [4].)
3. Main result
We introduce the notation
uLp(s,χ) = Lp(s + u,χ) − Lp(s,χ).
Thus, u means the difference operator, with span u, acting on s.
Theorem 1. Let u ∈ D0s , u = 0.
(i) If 1 λχ  p − 1, then there exists a unique s0 ∈ Ds such that

λχ−1
u Lp(s0,χ) = 0,
provided that the ramiﬁcation index e of the extension Kχ (u)/Qp is less than p−1. Moreover, s0 ∈ Kχ (u)
and vp(s0)−1+ 1e .
(ii) If 0 λχ  p − 1, then

λχ
u Lp(s,χ) = 0 for all s ∈ Ds.
Part (ii) generalizes the fact that the function Lp(s,χ) has no zero for λχ = 0.
If λχ = 1, then (i) says that Lp(s,χ) has a unique zero, provided that the ramiﬁcation index e of
Kχ/Qp satisﬁes e < p − 1. This is of course a known result; see the end of the previous section and
note that the unique zero T0 of f (T ,χ) now satisﬁes vp(T0) 1e >
1
p−1 .
The case of λχ = 2 will be discussed in detail in Section 5.
For λχ = 1, (ii) implies that the mapping s 
→ Lp(s,χ) is injective on D0s . However, it is easy to
prove directly that this mapping is injective on the whole Ds . Indeed, for β and γ in DT , β = γ , one
has
f (γ ,χ) − f (β,χ) =
∞∑
j=1
a j
(
γ j − β j)
= (γ − β)
(
a1 +
∞∑
j=2
a j
(
γ j−1 + γ j−2β + · · · + β j−1)),
730 T. Metsänkylä / Journal of Number Theory 130 (2010) 727–737so that the equation f (γ ,χ) = f (β,χ) would imply that vp(a1) > 0, a contradiction. The claim then
follows from the injectivity of the mapping Ds → DT , s 
→ (1+ dp)s − 1.
4. Proof
To prove the theorem, we ﬁx u ∈ D0s \ {0} and denote, for all s ∈ Ds ,{
β = (1+ dp)s − 1,
γ = (1+ dp)s+u − 1 = (1+ dp)u(β + 1) − 1 = δ + εβ,
where
ε = (1+ dp)u, δ = ε − 1.
Then
u Lp(s,χ) = f (γ ,χ) − f (β,χ) = f (δ + εβ,χ) − f (β,χ).
Since vp(ε) = 0 and vp(δ) > 0, we ﬁnd that f (δ + εT ,χ) is a well-deﬁned power series with co-
eﬃcients in Ou , the valuation ring of the ﬁeld Kχ (u). Given precisely, the coeﬃcient of each T j is∑∞
i= j ai
( i
j
)
δi− jε j .
Consider the mapping Φu in OuT  deﬁned by
Φu F = G, G(T ) = F (δ + εT ) − F (T ).
We have u Lp(s,χ) = Φu f (β,χ) and, as is easily seen,
mu Lp(s,χ) = Φmu f (β,χ) for allm 0. (2)
We show that the λ-invariants of F (T ) and Φu F (T ) satisfy
λ(Φu F ) = λ(F ) − 1, (3)
provided 1 λ(F ) p − 1.
Let
F (T ) = πμu
∞∑
k=0
bkT
k,
where πu is a prime element of Ou and μ = μ(F ). Then Φu F (T ) is a power series in T having the
coeﬃcient of T k , k 0, equal to
π
μ
u
∞∑
i=k
bi
(
i
k
)
δi−kεk − πμu bk = πμu
(
bk
(
εk − 1)+ εk ∞∑
i=k+1
(
i
k
)
biδ
i−k
)
.
With the notation
εk − 1 = δτk, τk = 1+ ε + · · · + εk−1 (τ0 = 0)
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Φu F (T ) = πμu δ
∞∑
k=0
ckT
k,
where
ck = bkτk + (k + 1)εkbk+1 + δεk
∞∑
i=k+2
(
i
k
)
biδ
i−k−2.
Since
vp(bk)
{
> 0 for k λ(F ) − 1,
= 0 for k = λ(F ),
we ﬁnd that
vp(ck)
{
> 0 for k < λ(F ) − 1,
= 0 for k = λ(F ) − 1 (< p − 1).
This proves (3).
Note, by the way, that the μ-invariant of F (T ) is increasing with the application of Φu .
It follows that
λ
(
Φmu F
)= λ(F ) −m for 0m λ(F ) p − 1. (4)
In particular,
λ
(
Φλ−1u f
)= 1 for 1 λ = λχ  p − 1, f = f (T ,χ),
that is, the polynomial factor of Φλ−1u f in OuT  is linear. Thus there is a unique β ∈Ou such that
Φλ−1u f (β,χ) = 0,
and, moreover, vp(β) 1e >
1
p−1 . With s0 = log(1+β)log(1+dp) we then have β = (1+ dp)s0 − 1 and, by (2),
λ−1u Lp(s0,χ) = 0.
We also see that s0 ∈ Ds ∩ Kχ (u) and vp(s0)−1+ 1e .
The uniqueness of s0 follows from the uniqueness of β and from the fact that the above mapping
β 
→ s0 is a bijection. Thus (i) is proved.
To prove (ii), just note that (4) implies
λ
(
Φλu f
)= 0 for 0 λ p − 1,
so that
Φλu f (β,χ) = 0 for all β ∈ DT .
By (2), the claim follows.
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deﬁned by a power series
F (T ) =
∞∑
j=0
b jT
j ∈OT 
with 1 λ(F ) p − 1, as follows from the relation
λ(u F ) = λ(F ) − 1 (u ∈ πO, u = 0). (5)
To verify this relation, write
F (T + u) =
∞∑
k=0
F (k)(u)
k! T
k =
∞∑
k=0
∞∑
j=k
(
j
k
)
b ju
j−kT k =
∞∑
k=0
(bk + uck)T k
with ck = (k + 1)bk+1 + udk (dk ∈O). Then
u F (T ) = u
∞∑
k=0
(
(k + 1)bk+1 + udk
)
T k.
Assuming, for simplicity of notation, that μ(F ) = 0 we ﬁnd that
vp
(
(k + 1)bk+1
) {> 0 for k + 1 λ(F ) − 1,
= 0 for k + 1 = λ(F ) ( p − 1),
and vp(udk) > 0 for all k 0. This proves the claim.
Note also the similarity between (5) and the relation λ(F ′) = λ(F )−1 (for 1 λ(F ) p−1), where
F ′ denotes the derivative of F .
5. The case of λ= 2
The behaviour of Lp(s,χ) is particularly interesting for λχ = 2 because in the “basic” case
of fχ = p no character with λχ > 1 is known. Indeed, computations in this case show that λχ , if
nonzero, is always = 1 for p below 12 million (see [1]). Note, however, that for characters of other
conductors the situation is quite different; in fact, in [3] and [4] there are many examples with λχ up
to p (for p = 5 and 7) or even higher (for p = 3).
By assuming that λχ = 2 we obtain from Theorem 1 the following result: For any u ∈ D0s \ {0} for
which the ramiﬁcation index of Kχ (u)/Qp is less than p − 1, there exists a unique s0 ∈ Ds (in fact,
s0 ∈ Ds ∩ Kχ (u)) such that
Lp(s0 + u,χ) = Lp(s0,χ).
The following statement supplements this result.
Theorem 2. Assume that λχ = 2. Let s0 ∈ D0s and let the ramiﬁcation index e of Kχ (s0)/Qp be less than
p − 1. If L′p(s0,χ) = 0, then there exists a unique u ∈ Ds, u = 0 such that
Lp(s0 + u,χ) = Lp(s0,χ). (6)
Moreover, u ∈ Kχ (s0). For the unique zero s = s0 of L′p(s,χ) this equation is never satisﬁed with u = 0.
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Lp(s0,χ). Then
c0 = f (T0,χ) =
∞∑
j=0
a jT
j
0 ∈O0,
where
T0 = (1+ dp)s0 − 1 ∈ π0O0.
Since vp(a0) > 0, we have vp(c0) > 0, and so the power series f (T ,χ) − c0 ∈O0T  has λ-invariant
= 2 as well. Hence this power series has exactly two zeros, T0 and, say, T ′0, both in π0O0.
The element s′0 = log(1+T
′
0)
log(1+dp) ∈ Kχ (s0) is in Ds , since vp(T ′0) 1e > 1p−1 . Moreover, Lp(s′0,χ) = c0 =
Lp(s0,χ), so that u = s′0 − s0 satisﬁes (6).
We ﬁnd that u = 0 exactly if T0 is a double zero of f (T ,χ) − c0 or, equivalently, if f ′(T0,χ) = 0.
On the other hand,
L′p(s,χ) = (1+ dp)s log(1+ dp) f ′
(
(1+ dp)s − 1,χ),
so that u = 0 if and only if L′p(s0,χ) = 0.
The uniqueness of u in the case L′p(s0,χ) = 0 follows from the uniqueness of T ′0.
Finally, f ′(T ,χ) has a unique zero, say T , since λ( f ′) = 1. We have T ∈ π0O0, and the zero s of
L′p(s,χ) corresponding to T is the unique zero of this function. 
Putting the results together in the case fχ = p we have the following corollary. For simplicity, we
restrict ourselves to the case that s and u are in Zp .
Corollary. Let fχ = p and λχ = 2. The function Lp(s,χ) attains on Zp all its values exactly twice, at s = s1
and s2 , say, except that for the unique s for which L′p(s,χ) = 0, it attains the value Lp(s,χ) just once.
Moreover, the difference s1 − s2 attains every value u in Zp exactly once; in particular, the value u = 0 for
s1 = s2 = s .
Returning to the original notation s1 = s0, s2 = s0 + u, it is clear that the function u = u(s0) on Zp
deﬁned by the equation Lp(s0 + u,χ) = Lp(s0,χ) is continuous.
This behaviour of Lp(s,χ) looks similar to that of a quadratic polynomial in the real case.
6. Bernoulli numbers
In this section we assume that Kχ = Qp . Then the character χ can be written in the form
χ = θωt , 1 t  p − 1,
where ω is the cyclotomic character mod p and θ is a character of conductor d 1 whose values are
(p − 1)th roots of unity. For brevity, set λ = λχ .
By a congruence α1 ≡ α2 (mod pz) in Cp we mean that vp(α1 − α2) z.
Recall the basic relationship between p-adic L-functions and generalized Bernoulli numbers:
Lp(1−m,χ) = −
(
1− χω−m(p)pm−1) Bm(χω−m) (m = 1,2, . . .).m
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B˜m(θ) = (1− θ(p)pm−1) Bm(θ)
m
.
Hence
Lp(1−m,χ) = −B˜m(θ) wheneverm 1, m ≡ t (mod p − 1).
Applying Theorem 1 for u = p − 1 we get, under the assumption 1 λ p − 1, that there exists
a unique s0 ∈ Zp such that
λ−1p−1Lp(s0,χ) = 0.
Expand the p-adic integer
β = 1− λ + 1− t − s0
p − 1
in the usual way as
β =
∞∑
j=0
b j p
j = lim
n→∞ rn(β), rn(β) =
n−1∑
j=0
b j p
j (0 b j < p; r0(β) = 0).
Then
s0 = 1− t − (p − 1)(β + λ − 1) = lim
n→∞
(
1− wn − (p − 1)(λ − 1)
)
,
where
wn = t + (p − 1)rn(β).
By the continuity of Lp(s,χ), our result implies that
λ−1∑
ν=0
(
λ − 1
ν
)
(−1)λ−1−ν Lp
(
1− (wn + (p − 1)(λ − 1− ν)),χ)→ 0 (7)
as n → ∞. Note that wn  t  1 for all n 0. Replacing ν by λ − 1− ν and passing over to Bernoulli
numbers we obtain from this
λ−1p−1 B˜
wn(θ) → 0 as n → ∞,
where  acts on wn .
It follows that there exists a sequence of exponents Mn ∈ Z tending to inﬁnity such that
λ−1p−1 B˜
t+(p−1)rn(β)(θ) ≡ 0 (mod pMn) for all n 0.
It is an interesting problem to ﬁnd estimates for Mn .
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t = 1, θ(p) = 1 and λ = 1, since these conditions imply, because of B˜1(θ) = 0, that s0 = 0 and β = 0.
This case must not be excluded in the sequel, however.
An immediate estimate for Mn is obtained from the congruences β ≡ rn(β) (mod pn). These imply
that the expression in (7) is ≡ 0 (mod pn+1) (e.g., [8, Theorem 5.12]). Thus we ﬁnd the bound Mn 
n + 1 for all n 0.
Our aim is to show that one may take Mn  n + λ for all n  0. The proof is in fact independent
of the preceding study of Lp(s,χ). It is based on the Kummer congruences
kp−1 B˜
m(θ) ≡ 0 (mod pk) (8)
that are valid for all k  0, m  1, with the exception of the indices m ≡ 0 (mod p − 1) for θ = 1
(see, e.g., [2]). Of course, here  acts on m. If θ = 1, then t = p − 1; thus the exception above is
automatically excluded. Note that the left-hand side of the congruence now lies in Zp .
Another important argument comes from [6] which relates λχ to “sharper Kummer congruences”.
We formulate the statement here as a lemma. Recall the notation f (T ,χ) =∑∞j=0 a j T j for the Iwa-
sawa power series.
Lemma. Assume that Kχ = Qp and 0 h p − 1. If
a0 ≡ a1 ≡ · · · ≡ ah ≡ 0 (mod p),
then
kp−1 B˜m(θ) ≡ 0
(
mod pk+1
)
(k = 0,1, . . . ,h) (9)
for all m 1, m ≡ t (mod p − 1).
Conversely, if (9) is true for some m  1 satisfying m ≡ t (mod p − 1), then a0 ≡ a1 ≡ · · ·
≡ ah ≡ 0 (mod p).
For a proof, see Theorems 1 and 2 in [6].
Theorem 3. Assume that χ = θωt , Kχ = Qp and 1  λχ  p − 1. Then there exists a unique β ∈ Zp such
that

λχ−1
p−1 B˜
t+(p−1)rn(β)(θ) ≡ 0 (mod pn+λχ ) for all n 0, (10)
where  acts on t + (p − 1)rn(β).
Proof. Use induction on n. For n = 0 the congruence reads
λ−1p−1 B˜
t(θ) ≡ 0 (mod pλ);
this is true by Lemma.
Fix n  0 and assume that b0, . . . ,bn−1 have been found, that is, the congruence in (10) is true
for n. We will ﬁnd bn and show that it is unique mod p.
From our assumption that λ p − 1 it follows by Lemma that
λp−1 B˜m(θ) ≡ 0
(
mod pλ+1
)
, (11)
whenever m ≡ t (mod p − 1). Indeed, the congruences in (9) are valid for k = 0,1, . . . , λ − 1, but no
longer for k = λ.
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C j = λ−1 B˜t+(p−1) j(θ) ( j = 0,1, . . .);
here and hereafter  acts on j. By (8) and (11),
vp
(
kC j
)
 k + λ − 1 (k = 0,1, . . .), vp(C j) = λ (12)
for all j  0.
Recall the identity z = (1+ )z − 1, if z is a positive integer. We compute
pnC j =
(
(1+ )pn − 1)C j = pnC j + pn∑
i=2
(
pn
i
)
iC j,
where, furthermore,
vp
((
pn
i
))
= n − vp(i) n + 2− i
(
i = 2, . . . , pn).
Hence, by (12),
vp(pnC j) = vp
(
pnC j
)= n + λ. (13)
This and the induction hypothesis vp(Crn(β)) n + λ imply, in particular, that
Crn(β)+νpn ≡ 0
(
mod pn+λ
)
for all ν = 0,1, . . . . Thus
Crn(β)+νpn = cν pn+λ
with some cν ∈ Zp (ν  0).
On the other hand, we ﬁnd easily that
2pnC j =
pn∑
i1=1
pn∑
i2=1
(
pn
i1
)(
pn
i2
)
i1+i2C j ≡ 0
(
mod pn+1+λ
)
.
This congruence, when applied to j = rn(β) + νpn , shows that
cν+2 − cν+1 ≡ cν+1 − cν ≡ · · · ≡ c1 − c0 (mod p)
so that
cν ≡ c0 + ν(c1 − c0) (mod p) for all ν  0.
By (13), c1 ≡ c0 (mod p). Hence there exists a unique νn ∈ Z, 0 νn < p, satisfying cνn ≡ 0 (mod p)
or
Crn(β)+νn pn ≡ 0
(
mod pn+1+λ
)
.
Take bn = νn . 
T. Metsänkylä / Journal of Number Theory 130 (2010) 727–737 737In the special case λχ = 1 this theorem is true more generally, with the assumption Kχ = Qp re-
placed by the assumption that the unique zero s0 of Lp(s,χ) be in Zp , as is seen from the discussion
preceding the theorem. In that form the result was proved in [7, Theorems 3.2 and 4.1]. The idea of
the proof above appears in Kellner’s article [5] which concerns the case λχ = 1 under the assumption
that fχ = p.
Note that Theorem 3 holds true with B˜m replaced by Bm/m whenever m n + λχ + 1.
As an illustration, we write the congruences of the theorem in a more explicit form in the case
that λχ = 2:
B˜t+(p−1)rn(β)(θ) ≡ B˜t+(p−1)(1+rn(β))(θ) (mod pn+2) for all n 0,
where rn(β) = b0 + b1p + · · · + bn−1pn−1 and each b j in the range 0  b j < p is unique. For n = 1,
when the modulus is p3, one can conclude from Lemma—and this has been long known, at least in
special cases—that the congruence is valid modulo p2 for all b0  0, since λχ > 1.
Supplementary material
The online version of this article contains additional supplementary material. Please visit
doi:10.1016/j.jnt.2009.07.016.
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